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It is shown, as a complement to Tutte’s theorem, that for a given j-connected 
graph K which is not a wheel, a graph G is 3-connected and has a subgraph 
contractible to K if and only if G can be obtained from K by a finite sequence of 
line-additions and 3-point-splittings. 
1. INTRODUCTION 
We shall use the terminology in [ 11. In particular, our “graph” is a finite 
undirected one without loops and multiple lines, So each line of a graph may 
be regarded as the pair of points which are incident to it. Conversely if uv is 
declared as a line of a graph G, we shall automatically regard u and v as 
adjacent points of G. 
A graph G with at least n + 1 points is said to be n-connected, if removal 
of any fewer than n points of G can not disconnect G. We are interested in 
the class of 3-connected graphs. Tutte’s theorem [3] states that a graph G is 
3-connected if and only if G is a wheel or can be obtained from a wheel by a 
finite sequence of operations of the following two types: 
1. The addition of a new line. 
2. The replacement of a point Y having degree at least 4 by two 
adjacent points v’, D” such that each point formerly joined to 11 is joined to 
exactly one of u’ and U” so that in the resulting graph, deg v’ > 3 and 
deg v” > 3. 
We shall call the operation of the first type “line-addition” and of the second 
“3-point-splitting.” The “wheel” is a graph which consists of one cycle of 
length n - 1 and another point which is joined to all points lying on the 
cycle, and is denoted by W,, (n > 4). 
In this paper, we shall give a characterization of 3-connected graphs which 
contain a subgraph contractible to a given 3-connected graph which is not a 
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wheel, using line-addition and 3-point-splitting, as a complement to Tutte’s 
theorem. For convenience, we shall write that a graph G has the property 
P,(K) (or P,(K)) when G contains a subgraph which is a subdivision of a 
graph K (or which is contractible to K). 
2. A CHARACTERIZATION FOR P,(K) 
In this section, we shall give our main result, that is, we shall characterize 
3-connected graphs with the property P,(K) for a given 3-connected graph K 
which is not a wheel. In order to carry out the inductive proof, we define the 
inverse operation of 3-point-splitting, roughly speaking. 
Let G be a graph and uv a line of G. Contraction of uv is obtained by 
identifying u and v, and G/uv stands for G with uv contracted, that is, G/uv 
has a new point [uv] adjacent to those points to which u or v was adjacent, 
instead of u and v. If uu lies on no triangle of G and both of u and u have 
degree at least 3, G can be obtained from G/uv by applying 3-point-splitting 
to [uv]. Otherwise, it is impossible to obtain G in such a way. In the former 
case, we may call contraction “the inverse of 3-point-splitting.” 
We say that G is contractible to a graph K, when there exists a finite 
sequence of contractions of lines which transforms G into K. We first 
establish the following lemma: 
LEMMA 1. Let K be a 3-connected graph and H a graph contractible to 
K. Then there is a 3-connected graph K’ such that K’ can be obtained from 
K by a finite sequence of 3-point-splittings and H has the property P,(K’). 
ProoJ It is sufficient to prove that if H/uv has the property P,,(K) for 
some line uv of H, then H has either the property P,,(K), or P,(K’) for a 
graph K’ obtained from K by 3-point-splitting. 
Let L be a subdivision of K contained in H/W. If [uv] does not belong to 
L, H has the property P,,(K), clearly. If L contains [uv], let S be the set of 
lines of H/uv such that (H/uv) - S = L. Considering the graph H - S, we 
have three cases: 
Case 1. If one of u and v has degree 1 in H - S, then (H/uv) - S = 
(H - S)/uv = (H - S) - uv, so H has the property P,,(K). 
Case 2. If one of u and v has degree 2 in H - S, then H - S is a 
subdivision of L, and hence of K, so H has the property P,,(K). 
Case 3. If both u and v have degree at least 3 in H - S, then H - S 
can be obtained from L by 3-point-splitting. Applying this 3-point-splitting 
to K, we obtain a graph K’. Since H - S is a subdivision of K’, H has the 
property P,(K’). 
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This completes the proof. 
Recently, Kelmans [2] has proved a constructive characterization for the 
property P,(K). We shall use his result for our main proof. Generally 
speaking, the property P,(K) is stronger than P,(K), but they are equivalent 
if K is a cubic graph. Unfortunately it is impossible, in our sense, to charac- 
terize 3-connected graphs with the property P,(K) using only line-addition 
and 3-point-splitting. For example, consider K with at least one point of 
degree >4. We shall get a cubic graph after repetition of 3-point-splitting 
applied to K. Clearly the resulting graph has the property P,(K) but not 
P,(K). So we need some new operations which preserve 3-connectivity of a 
graph and which generate all 3-connected graphs with the property P,(K). 
Bridgings of types 1 and 2 are defined to be the following ways 1 and 2, 
respectively, to construct another graph from a given graph G: 
1. For a point 0 and a line e of G which are not incident to each 
other, make the middle point w  of e and join 2, to w  with a new line VW. 
2. For two distinct, possibly adjacent, lines e, and e,, make the 
middle points w1 and w2 of e, and e2, respectively, and join w, to w2 with a 
new line w, w2. 
In a natural way, the graph obtained from G by bridging consists of a 
subgraph H which is a subdivision of G and the new line which does not 
belong to H. So bridging of each type preserves the property P,(K), and 3- 
connectivity; it is straightforward. 
Kelmans’ result states as follows: 
LEMMA 2 (Kelmans). Let K be a 3-connected graph. A graph G is 3- 
connected and has the property P,,(K) tf and only tf G can be obtained from 
K by a finite sequence of line-additions and bridgings of types 1 and 2. 
Let H be a graph. A side of H joining a to b is a path of H joining a to b 
such that its endpoints a and b have degree at least 3 and its inner points, 
that is, all points of it except a and b, have degree 2 in H. In particular, if H 
is a subdivision of a 3-connected graph K which has minimum degree at 
least 3, then each side of H corresponds to a line of K. 
We have finished the preparation needed to establish the required theorem 
for the property P,(K): 
THEOREM 3. Let K be a 3-connected graph not isomorphic to a wheel. 
Then a graph G is 3-connected and has the property P,(K) if and only if G 
can be obtained from K by a ftnite sequence of line-additions and 3-point- 
splittings. 
Proof. It is easy to see that line-addition and 3-point-splitting preserve 3- 
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connectivity and the property P,(K). So we prove that any 3connected 
graph G with the property P,(K) can be obtained in such a way, using 
induction on E(G) - E(K), where E(G) denotes the number of lines of G. Note 
that both line-addition and 3-point-splitting increase E(G) exactly by one. 
If E(G) -a(K) = 0, G is isomorphic to K; it is a trivial case. Then we 
assume that E(G) - E(K) > 0 and the inductive hypothesis, and shall find 
either a line x of G such that G - x is a 3-connected graph with the property 
P,(K) or a line y of G lying on no triangle of G such that G/y is a 3- 
connected graph with the property P,(K). 
By Lemma 1, G has the property P,(K’) for a 3-connected graph K’ 
obtained from K by a finite sequence of 3-point-splittings. By Lemma 2, G 
can be obtained from K’ by a finite sequence Z of line-additions and 
bridgings of types 1 and 2. If the length of Z is at least 2, then there is a 3- 
connected graph K” such that K” can be obtained from K’ by C with the 
last operation omitted and G has the property PJK”), and hence P,(K”), 
too. We observe that if a wheel has the property P,(w) for a 3-connected 
graph W, then W is a wheel. Since K is not a wheel and K’ and K” have the 
property P,(K), K’ and K” are not wheels, too. Since E(G) - E(K) is greater 
than both of &(K”) - E(K) and e(G) - &(K”), we can construct K” from K 
and next G from K” by a finite sequence of line-additions and 3-point- 
splittings. Since G is isomorphic to K’ if Z is empty, and E(G) - E(K) > 
a(G) - &(K’) if K # K’, we may assume that G has the property P,(K) and 
can be obtained from K by a single operation Z. Then G has a subgraph H, 
which is a subdivision of K and exactly one line a, b, which does not belong 
toH,. 
Case 1. Z is line-addition. Take !i 6, as x. 
Case 2. .Z is bridging of type 1. Without loss of generality, we may 
assume that deg a, = 3 and deg b, > 4. Let a, and a2 be two points adjacent 
to a, different from b, . Since all of a,, a, and ur lie on some side S of H, , 
both of H,/u,u, and H,/u,u, are isomorphic to K. If either of a,,~, and u,u2 
lies on a triangle of G, we have two possibilities; they lie on a common 
triangle or not. The first case, however, does not occur. For if it does, H, has 
two sides u,-,u2 and uOuluz both of which join a, to a,. This means that K 
has multiple lines corresponding to the two sides, a contradiction. Therefore 
u,+zi and u,uz lie on two distinct triangles u,u,b, and u,u2b,, respectively. 
First consider the case that one of a, and a,, say a,, has degree at least 4. 
A subgraph G - u,b, can be obtained from K by 3-point-splitting of a point 
of K corresponding to a,, so it is a 3-connected graph with the property 
P,(K). Since G can be obtained from G - u,b, by addition of u,b, , we can 
take uob, as x. Then we may assume both of u0 and a, have degree 3. 
Consider the third point u3 adjacent to u2 different from a, and b, . Let H, 
denote a subdivision of K of the form H, + a, b, - u2bl, so that HJu,u, 
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and HJa,a, become isomorphic to K. If a3 is not adjacent to b, , no triangle 
contains a2a3 and we can take a2a3 as y. Thus we assume that aj is adjacent 
to b,. If deg a3 2 4, we can take a,b, as x by an argument similar to that 
above. Otherwise, that is, if deg a3 = 3, consider the fourth point a., adjacent 
to a3 different from a2 and b,, and repeat this argument. If we reach a point 
a,,, which is not adjacent to b,, or a point a,, which has degree at least 4 and 
is adjacent to b, , then we can finish this process and take a,,- 1 a,,, as y, or 
anbl asx. 
In spite of finiteness of G, it is not trivial that we can avoid the endless 
repetition of this process. (In fact, it is possible for the repetition to occur, if 
K is a wheel, contrary to our hypothesis.) Let an infinite sequence 
{aO, a,, a,,...} of points of degree 3 be obtained by the repetition. Since G is 
finite and each a, is adjacent to b,, this means that both of G and K are 
wheels. It contradicts our restriction of K. Therefore the above process will 
stop in a finite number of steps. 
Case 3. Z is bridging of type 2. Both of aI and b, have degree 3. By 
an argument similar to that of Case 2, we observe that at least one of a,,a, 
and a,a2, say a,a, , lies on no triangle of G. Since G/a,a, is a 3-connected 
graph which can be obtained from K by bridging of type 1, we can regard 
aOal asy. 
In every case, we obtain the required x or y. By the inductive hypothesis, 
either G -x or G/y can be obtained from K by a finite sequence of line- 
additions and 3-point-splittings. Then we apply line-addition or 3-point- 
splitting to G -x or G/y, respectively, and G will be obtained. This 
completes the induction. 
Remark. From the above theorem, we can not delete the restriction that 
K is not isomorphic to a wheel; for example, let K and G be wheels W,, and 
W n + , , respectively. We can, however, find the reducible line x or y without 
the restriction, except for the case that both of G and K are wheels, in the 
proof. By this observation, we can establish the following corollary and 
Tutte’s theorem: 
COROLLARY 3- 1. A graph G is 3-connected and has the property P,( W,,) 
(n > 4) if and only if G can be obtained from some wheel W,,, (m > n) by a 
finite sequence of line-additions and 3-point-splittings. 
COROLLARY 3-2 (Tutte). A graph G is 3-connected if and only if G can 
be obtained from a wheel by a finite sequence of line-additions and 3-point- 
splittings. 
Proof. It is sufficient to prove that any 3-connected graph G has the 
property P,( W,). If G is complete, it is trivial. If two points a and b of G are 
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not adjacent, there are three point-disjoint a - b paths. Let H be the union of 
them. Since G is 3-connected and H is not, there is a path Q joining two 
inner points of distinct sides of H, respectively, such that H U Q is a 
subdivision of W,. So G has the property P,( W.,). 
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